Abstract. This note aims to highlight the link between representable functionals and derivations on a Banach quasi *-algebra, i.e. a mathematical structure that can be seen as the completion of a normed *-algebra in the case the multiplication is only separately continuous. Representable functionals and derivations have been investigated in previous papers for their importance concerning the study of the structure properties of a Banach quasi *-algebra and applications to quantum models.
Introduction and preliminaries
Representable functionals constitute an important tool to investigate (locally convex) quasi *-algebras for being those linear functionals that allow a GNS-like construction (see [1, 3, 7, 12, 14] ). In particular, we are interested in the case of a Banach quasi *-algebra, i.e. a locally convex quasi *-algebra whose topology is generated by a single norm in the case of separately continuous multiplication (see [3, 5, 6, 9] ). As a consequence, the multiplication is defined only for certain couples of elements. On the other hand, in the last decades derivations and their properties have been extensively studied for their use in describing physical phenomena (see, for instance, [2, 4, 8, 10, 11] ).
In the classical context, a derivation δ is a linear mapping defined on a dense *-subalgebra D(δ) of a normed *-algebra A 0 [ · 0 ] for which the Leibnitz rule δ(xy) = δ(x)y + xδ(y), ∀x, y ∈ D(δ)
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holds. In the framework of a Banach quasi *-algebra, the main issue concerns the definition of a weaker form of the Leibnitz rule, suitable for the new situation. This question has been addressed to the paper [2] , where weak *-derivations appear in the *-semisimple case. In the latter paper, conditions for a weak *-derivation to be the generator of a *-automorphisms group are given, in particular a uniformly bounded norm continuous group has a closed generator. In the case δ is a special kind of weak *-derivation, we are able to give a condition of closability depending on a certain representable functional.
Going in details, we remind some definitions about Banach quasi *-algebras and representations before focusing our attention on the properties of representable functionals, in particular we are interested in notions like fully representability and *-semisimplicity, important for the ongoing work (Section 2). Sufficiently many sesquilinear forms are needed to define weak *-derivations and study them when they are given as the infinitesimal generator of a weak *-automorphisms group. For a general weak *-derivation, representable functionals still play an important role in their study (Section 3).
We start giving some preliminary notions. For further details we refer to [3] . Definition 1. A quasi *-algebra (A, A 0 ) is a pair consisting of a vector space A and a *-algebra A 0 contained in A as a subspace and such that (i) A carries an involution a → a * extending the involution of A 0 ; (ii) A is a bimodule over A 0 and the module multiplications extend the multiplication of A 0 . In particular, the following associative laws hold:
(xa)y = x(ay); a(xy) = (ax)y, ∀ a ∈ A, x, y ∈ A 0 ; (iii) (ax) * = x * a * , for every a ∈ A and x ∈ A 0 .
A quasi *-algebra (A, A 0 ) is unital if there is an element ½ ∈ A 0 , such that a½ = a = ½a, for all a ∈ A; ½ is unique and called the unit of (A, A 0 ).
We now introduce a suitable class of operators in order to represent abstract quasi *-algebras. These operators are defined on a common dense domain D with values on a Hilbert space H and admit an adjoint with the same property. Hence, these operators are closable.
Let H be a Hilbert space with inner product ·|· and let D be a dense linear subspace of H. We denote by L † (D, H) the set of all closable operators X in H such that the domain of X is D and the domain of H) is a C−vector space with the usual sum X + Y and scalar multiplication λX for every X, Y ∈ L † (D, H) and λ ∈ C. If we define the following involution † and partial multiplication
is a partial *-algebra defined in [3] .
In L † (D, H) several topologies can be introduced (see, [3] ). In particular, the weak topology t w defined by the family of seminorms
is related to a characterization of continuity of representable functionals given in a recent work [1] .
Due to the structure properties of quasi *-algebras, we define a *-representation similarly to the classical case, except for the requirement on the multiplications, in the following way.
where D π is a dense subspace of the Hilbert space H π , with the following properties:
If (A, A 0 ) has a unit ½, then we suppose that π(½) = I D , the identity operator of D.
The closure π of a *-representation π of the quasi *-algebra (
where D π is the completion of D π with respect to the graph topology, i.e. the topology defined by the seminorms η ∈ D π → π(a)η for every a ∈ A. A *-representation π is said to be closed if π = π.
A quasi *-algebra (A, A 0 ) is called a normed quasi *-algebra if a norm · is defined on A with the properties (i) a * = a , ∀a ∈ A; (ii) A 0 is dense in A; (iii) for every x ∈ A 0 , the map R x : a ∈ A → ax ∈ A is continuous in A. The continuity of the involution implies that (iii') for every x ∈ A 0 , the map L x : a ∈ A → xa ∈ A is continuous in A.
The norm topology of A will be denoted by τ n .
Representability of Banach quasi *-algebras
In this section we examine some properties related to representability of Banach quasi *-algebras. Among them, an important role is played by fully representability and *-semisimplicity. For details, see [1, 3, 9, 12, 14] . 
Then, there exists a triple (π ω , λ ω , H ω ) such that:
This representation is unique up to unitary equivalence.
The family of representable functionals on the quasi *-algebra (A, A 0 ) is denoted by R(A, A 0 ).
As in [14, Definition 2.1], given a quasi *-algebra (A, A 0 ), we denote by Q A 0 (A) the set of all sesquilinear forms on A × A such that (i) ϕ(a, a) ≥ 0 for every a ∈ A.
(ii) ϕ(ax, y) = ϕ(x, a * y) for every a ∈ A and x, y ∈ A 0 Proposition 1. [1, Proposition 2.9] Let (A, A 0 ) be a quasi *-algebra with unit ½ and ω a linear functional on A satisfying (L.1) and (L.2).
The following statements are equivalent.
(i) ω is representable.
(ii) There exist a *-representation π defined on a dense domain D π of a Hilbert space H π and a vector ζ ∈ D π such that
(iii) There exists a sesquilinear form
To every ω ∈ R(A, A 0 ) we can associate two sesquilinear forms. The first one Ω ω , already introduced in (iii) of Proposition 1, can be defined through the GNS representation π ω , with cyclic vector ξ ω . In fact, we put
As we have seen Ω ω ∈ Q A 0 (A) and ω(a) = Ω ω (a, ½), for every a ∈ A.
The second sesquilinear form, which we denote by ϕ ω , is defined only
It is clear that Ω ω extends ϕ ω . It is easy to see that
If (A, A 0 ) is a normed quasi *-algebra, we denote by R c (A, A 0 ) the subset of R(A, A 0 ) consisting of continuous functionals. As shown in [12] , if ω ∈ R c (A, A 0 ), then the sesquilinear form ϕ ω defined in (2.2), is closable; that is, ϕ ω (x n , x n ) → 0, for every sequence {x n } ⊂ A 0 such that x n → 0 and ϕ ω (x n − x m , x n − x m ) → 0. In this case, ϕ ω has a closed extension ϕ ω to a dense domain D(ϕ ω ) containing A 0 . Thus, a natural question arises: under which conditions one gets the equality D(ϕ ω ) = A? An answer to this question will be given in Proposition 2.
Consider now the set
If R c (A, A 0 ) = {0}, we put A R = A. Note that, if for every ω ∈ R c (A, A 0 ), ϕ ω is jointly continuous with respect to the topology τ n defined by the norm · , we get A R = A. If (A, A 0 ) has a unit ½, the condition of sufficiency required in Definition 6 joined with the following condition of positivity (P) a ∈ A and ω x (a) ≥ 0 for every ω ∈ R c (A, A 0 ) and x ∈ A 0 ⇒ a ≥ 0 tells us that ω(a) = 0 for every ω ∈ R c (A, A 0 ) implies a = 0.
We denote by S A 0 (A) the subset of Q A 0 (A) consisting of all continuous sesquilinear forms Ω : A × A → C such that
one obviously has Ω ≤ 1, for every Ω ∈ S A 0 (A).
As we mentioned before, if ω ∈ R c (A, A 0 ), then the form ϕ ω defined in (2.2) is closable. For Banach quasi *-algebras this result can be improved. Theorem 2 shows the deep relationship between fully representability and *-semisimplicity for a Banach quasi *-algebra. Under the condition of positivity (P), the families of sesquilienar forms involved can be identified.
Derivations and their closability
In this section, we present an appropriate definition of derivation in the case of a *-semisimple Banach quasi *-algebra. For detailed discussion, see [2, 4, 13] . In the case it is a generator of a *-automorphisms group, the derivation is closed and it owns a certain spectrum. Employing sesquilinear forms introduced in the previous section, it is possible to show a condition of closability for general derivations.
Through the sesquilinear forms ϕ ∈ S A 0 (A), we can define a new multiplication in A as in [15] .
Let (A, A 0 ) be a *-semisimple Banach quasi *-algebra. Let a, b ∈ A. We say that the weak multiplication a b is well-defined if there exists a (necessarily unique) c ∈ A such that:
In this case, we put a b := c. (ii) R w (a) = L w (a) = A, where R w (a) (resp. L w (a)) is the space of universal right (resp. left) weak multipliers of a.
Let (A, A 0 ) be a *-semisimple Banach quasi *-algebra and θ : A → A a linear bijection. We say that θ is a weak *-automorphism of (A,
(ii) θ(a) θ(b) is well defined if, and only if, a b is well defined and, in this case,
By the previous definition, if θ is a weak *-automorphism, then θ −1
is a weak *-automorphism too. Let (A, A 0 ) be a *-semisimple Banach quasi *-algebra. Suppose that for every fixed t ∈ R, β t is a weak *-automorphism of A. If (i) β 0 (a) = a, ∀a ∈ A (ii) β t+s (a) = β t (β s (a)), ∀a ∈ A then we say that β t is a one-parameter group of weak *-automorphisms of (A, A 0 ). If τ is a topology on A and the map t → β t (a) is τ -continuous, for every a ∈ A, we say that β t is a τ -continuous weak *-automorphism group.
The definition of the infinitesimal generator of β t is now quite natural. If β t is τ -continuous, we set
If the involution a → a * is τ -continuous, then a ∈ D(δ τ ) implies a * ∈ D(δ τ ) and δ(a * ) = δ(a) * . We are now giving an appropriate definition of *-derivation, weakening the Leibnitz rule thanks to sesquilinear forms. Definition 9. [2, Definition 4.5] Let (A, A 0 ) be a *-semisimple Banach quasi *-algebra and δ a linear map of D(δ) into A, where D(δ) is a partial *-algebra with respect to the weak multiplication . We say that δ is a weak *-derivation of (A,
and a b is well defined, then a b ∈ D(δ) and
for all ϕ ∈ S A 0 (A), for every x, y ∈ A 0 .
Parallel to the case of C*-algebras, to a uniformly bounded norm continuous weak *-automorphisms group there corresponds a closed weak *-derivation that generates the group (see [11] ). (A, A 0 ) . Suppose that δ is the infinitesimal generator of a uniformly bounded, τ ncontinuous group of weak *-automorphisms of (A, A 0 ). Then δ is closed; its resolvent set ρ(δ) contains R \ {0} and
The converse of Theorem 3 can be proven assuming further conditions, for instance that the domain of the weak *-derivation is made of bounded elements, which turn out to be satisfied in some interesting situations such as the weak derivative in L p −spaces.
be a closed weak *-derivation on a *-semisimple Banach quasi *-algebra (A, A 0 ). Suppose that δ verifies the same conditions on its spectrum of Theorem 3 and A 0 is a core for every multiplication operatorL a for a ∈ A, i.e. L a = L a . Then δ is the infinitesimal generator of a uniformly bounded, τ n -continuous group of weak *-automorphisms of (A, A 0 ).
In the sequel, we focus our attention on a special case of weak *-derivations, those for which D(δ) = A 0 . These weak *-derivations are called qu*-derivations.
Let (A, A 0 ) be a quasi *-algebra, δ be a qu*-derivation of (A, A 0 ) and π be a *-representation of (A, A 0 ). Assume that (3.2) whenever x ∈ A 0 is such that π(x) = 0, then π(δ(x)) = 0.
Under this assumption, the linear map
is well defined on π(A 0 ) with values in π(A) and it is easily checked that δ π is a qu*-derivation of A 0 named induced by π.
Definition 10. Let (A, A 0 ) be a quasi *-algebra, δ be a qu*-derivation of (A, A 0 ). Furthermore, let π be a cyclic *-representation of (A, A 0 ) with cyclic vector ξ 0 satisfying the assumption (3.2). The induced qu*-derivation δ π is spatial if there exists
Proposition 3. Let (A, A 0 ) be a Banach quasi *-algebra with unit ½ and let δ be a qu*-derivation of (A, A 0 ). Suppose that there exists a representable and continuous functional ω with ω(δ(x)) = 0 for x ∈ A 0 and let (H ω , π ω , λ ω ) the GNS-construction associated to ω. Suppose that π ω is a faithful *-representation of (A, A 0 ). Then there exists an
and δ is closable.
Proof. Define H on λ ω (A 0 ) by
where ξ ω = λ ω (½). We first prove that H is well defined. We have
Hence if λ ω (x) = π ω (x)ξ ω = 0, it follows that π ω (δ(x)ξ ω |π ω (y)ξ ω = 0, for every y ∈ A 0 . This in turn implies that π ω (δ(x))ξ ω = 0. The above computation shows also that H is symmetric. Indeed, Hλ ω (x)|λ ω (y) = i π ω (δ(x))ξ ω |π ω (y)ξ ω = −i π ω (x)ξ ω |π ω (δ(y))ξ ω = λ ω (x)|Hλ ω (y) . Consider now a sequence x n ∈ A 0 such that x n → 0 and there exists w ∈ A for which δ(x n )−w → 0 for n → ∞. Then, for every y, z ∈ A 0 , n→∞ Ω ω (x, x n δ(z)) → 0 using Proposition 2. Therefore, by the cyclicity of ξ ω and the density of A 0 , we obtain π ω (w) = 0. We conclude by the faithfulness of π ω .
It would be of interest to study the closure of the qu*-derivation in Proposition 3. Indeed, the existence of a representable and continuous functional makes that the Banach quasi *-algebra (A, A 0 ) automatically *-semisimple. If a ∈ A is such that Ω(a, a) = 0 for every Ω ∈ S A 0 (A), then in particular
ω (a, a) := Ω ω (ax, ax) = 0, ∀x ∈ A 0 , Ω ∈ S A 0 (A). This translates into π ω (a)λ ω (x) = 0 for every x ∈ A 0 and so a = 0 again by faithfulness.
